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Useful functions – 1D

Goodman J. W., Introduction to Fourier Optics,3rd ed. Roberts & Company, 2005.
Gaskill, Linear Systems, Fourier Transforms, and Optics, Wiley, 1978



Comb function



Comb function & sampling



Useful 2D functions - separable



2D Comb



Useful 2D functions – non-separable



2D d-Dirac



Linearly deformed 2D functions

f (x,y) → f [w1(x,y), w2(x,y)] = g (x,y)

Ex. 1

f(x,y) = rect(x) → g(x,y) = rect (a1x+b1y+c1)



Linearly deformed 2D functions

Ex. 2

f(x,y) = rect(x,y) → g(x,y) =  
rect (a1x+b1y+c1) rect (a2x+b2y+c2)



Linearly deformed 2D functions



2D functions skew-periodic

c1 = c2 = 0

D = determinant of 
matrix [a1 b1;a2 b2]



2D arbitrary regular sampling

D = determinant of 
matrix [a1 b1;a2 b2]



2D Sampling strategies

David Martindale, April 2004
David Martindale, April 2004

Compressed sensing

Radial sampling



Definições:

Dupla transformação:

Translação:

Escala:

Linearidade:

Energia / T. Parseval 

Fourier Transform - properties



Fourier analysis & synthesis

Fourire Analysis and Synthesis (1D)
http://www.falstad.com/fourier/

https://www.researchgate.net/figure/Example-2D-Fourier-Analysis-FFT-
images-demonstrate-conversion-from-space-to-spatial_fig5_260999966

http://www.falstad.com/fourier/
https://www.researchgate.net/figure/Example-2D-Fourier-Analysis-FFT-images-demonstrate-conversion-from-space-to-spatial_fig5_260999966


Physical meaning of 2D - TF
http://fourier.eng.hmc.edu/e161/lectures/fourier/node10.html

The function cos (2pw r.n) represents a planar 
sinusoidal wave in the x-y plane, with:



Physical meaning of 2D - TF
http://fourier.eng.hmc.edu/e161/lectures/fourier/node10.html

The FT allows representing a real signal f(x,y) as a linear superposition of an infinite number of  2D spatial 
sinusoids with:

Integration variables, u,v, are spatial frequencies

For real signals, f(x,y) = fr(x,y) + i fi(x,y), with fi (x,y)=0:



Physical meaning of 2D - TF
http://fourier.eng.hmc.edu/e161/lectures/fourier/node10.html



Convolução:

TF da convolução:

Elemento neutro da convolução:  d (x,h)

TF de um produto:

f(x,y) = g ** h = 

F (fx,fy)  =

F { f(x,y) } = F {g x h} = G (fx,fy) ** H(fx,fy) 

d ** g = g ** d = g

Fourier Transform - properties

f(x,y) = g ** h = 

F (fx,fy)  =



Properties of the FT

Wiener-Khinchin
theorem:

Autocorrelation is the FT of the
Power Spectrum Density
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FT of 2D functions (rectangular coordinates; Goodman)



FT of radially symmetric 2D functions (Fourier-Bessel)



Convolution

f(x) * h(x) = g(x)  → f(x-x0) *  h(x) = g(x-x0)

f(x) * h(x) = h(x) * f(x)



Convolution



Convolution – Smoothing effects

Exceptions

Let f(x) be a band-limited function – its 
Fourier transform F(x) has compact 
support (Dx=W). If W  < |b-1|:



Repeated Convolution

It can be shown that, if functions 
fi(x) satisfy certain conditions, 
then as n →∞, g(x) tends toward 
a Gaussian function. 



1D rectangular diffraction grating
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2D rectangular diffraction grating

https://www.doitpoms.ac.uk/tlplib/diffraction/convolution.php

OBJECTS DIFFRACTION PATTERNS



Linear Systems (Goodman)

Input / Output relation

Linear system

Input representation

System in action

Output

Impulse function

Output representation / 
superposition integral



Invariant / Variant Systems
Causal (1D, t)

Noncausal (2D, r)

Invariant /
isoplanatic (1D)

Space variant / 
anisoplanatic (2D)



Variant / non-isoplanatic example



Variant / non-isoplanatic example



Invariant Linear Systems

The Impulse function has
the same form everywhere

Output as a Convolution

Output spatial frequency spectrum
(Fourier domain)

Transfer function

(FT of the Impulse function)



Is my System Linear Invariant?
Are you able to describe your system in terms of a pair of input / output 
physical functions which enable linearity and isoplanatism?

Use physics to derive the Impulse function and/or the Transfer function – or
measure those functions…

Use System Theory to compute output from input

Are you able to describe your systems in tems of a pair of input / output 
functions which enable “reasonable” linearity and isoplanatism within spatial
patches (although variable from patch to patch)?

Can you reasonably model / parameterize the Impulse and / or the Transfer
function within each patch?

Go … You will need to perform Image Restauration (a lot of algebra …)

Original SVDBlurred



Radon transform

https://pt.wikipedia.org/wiki/Transformada_de_Radon

f(x,y) → Rf (a,s)

L é uma recta à distância s de O, parametrizada pelo
comprimento de arco, z

No espaço de Radon, as variáveis independentes são a, s:



Radon transform

https://pt.wikipedia.org/wiki/Transformada_de_Radon
"Computed Tomography and the ASTRA Toolbox" course. University of Antwerp. September 10, 2015. 
http://visielab.uantwerpen.be/astra-training



Radon transform

For a d pulse, the transform is a sine



Radon transform



Projection-slice theorem

https://en.wikipedia.org/wiki/Projection-slice_theorem
"Computed Tomography and the ASTRA Toolbox" course. University of Antwerp. September 10, 2015. 
http://visielab.uantwerpen.be/astra-training

Another approach: Filtered backprojection
→…

https://en.wikipedia.org/wiki/Projection-slice_theorem


Filtered Backprojection

"Computed Tomography and the ASTRA Toolbox" course. University of Antwerp. September 10, 2015. 
http://visielab.uantwerpen.be/astra-training

High frequencies 
under-represented…



Gabor transform

https://en.wikipedia.org/wiki/Gabor_transform
http://www.its.caltech.edu/~matilde/GaborLocalization.pdf
http://bmia.bmt.tue.nl/Education/Courses/FEV/course/pdf/Petkov_Gabor_functions2011.pdf

https://en.wikipedia.org/wiki/Gabor_transform
http://www.its.caltech.edu/~matilde/GaborLocalization.pdf


Gabor transform

https://en.wikipedia.org/wiki/Gabor_transform
http://www.its.caltech.edu/~matilde/GaborLocalization.pdf
http://bmia.bmt.tue.nl/Education/Courses/FEV/course/pdf/Petkov_Gabor_functions2011.pdf

https://en.wikipedia.org/wiki/Gabor_transform
http://www.its.caltech.edu/~matilde/GaborLocalization.pdf


Gabor transform – 1D



2D Gabor transform filters

By convolving an image with a set of Gabor filters, a set of image 
descriptors can be built, used in machine learning and classification



Mellin transform
https://en.wikipedia.org/wiki/Mellin_transform

Using Mellin-Transform for Shift, Rotation 

and Scale Invariant Image Recognition
https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2
&ved=2ahUKEwicsZfWveLdAhVUfMAKHbbLCOsQFjABegQICBAC&url=http
%3A%2F%2Flapt.ece.northwestern.edu%2Ffiles%2Fmellin_transform_cor
relator.pdf&usg=AOvVaw1KquMNCEOGAXQIpPAXsHU1


